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Matroid Signatures Coordinatizable over a Semiring 
MARC W AGOWSKI 
Matroids with coefficients, recently introduced by Dress [4], generalize ordinary matroids, 
Tutte representations of matroids coordinatizable over a given field and oriented matroids. 
Oriented matroids can be defined in terms of circuit signatures [2]. In this paper we show that 
there are exactly four classes of circuit signatures coordinatizable, in the sense of Dress, over a 
semiring R the unit group of which is {+, - }, such that R is generated by {+, - }. In 
particular, we show that weakly oriented matroids (1, 7] are matroids with coefficients in a 
suitable semiring. 
1. INTRODUCTION 
Signing the circuits of a matroid M consists of attributing, for every circuit C of M, a 
sign, + or -, to each element of C. This notion appeared for the first time in [11] 
where Minty has defined digraphoids, an abstraction of directed graphs. As it turned 
out, digraphoids are coordinatizations of regular matroids by unimodular subspaces. 
Bland and Las Vergnas [2] and, independently, Folkman and Lawrence [6] have 
defined oriented matroids, which give a combinatorial support to the study of vector 
spaces over ordered fields. Recently, Bland and Jensen have introduced weakly 
oriented matroids [1,7], a natural weakening of oriented matroids. The theory of 
matroids, with coefficients developed by Dress, unifies coordinatizations of matroids 
over a field and oriented matroids [4; 1.3.(vi)]. 
In this paper we show that there are exactly four classes of circuit signatures which 
correspond to matroids with coefficients in a signed semiring, namely weakly oriented 
matroids, oriented matroids, digraphoids and circuit signatures arising from Tutte 
representations of ternary matroids over GF(3). 
2. NOTATIONS AND DEFINmONS 
A signed set is a set X together with a partition into two (possibly empty) subsets, 
X+ and X-. We will denote by the same letter a signed set and its underlying set X. 
For every signed set X, we define the opposite, -X, of X by (-X) + = X- and 
(-X)- =X+. 
Let M be a matroid on the set E and let Y be a set of signed subsets of E. We say 
that Y is a circuit signature of M if the following properties are fulfilled: every element 
of fI has a circuit of M as underlying set; for every circuit C of M, there are exactly two 
elements of Y with underlying set C, and these two signed sets are opposite to each 
other. 
A circuit signature fI of a matroid M, together with a cocircuit signature y* of M, 
form a dual pair of digraphoids [11], if for any X E Y and for any Y E fI* we have 
I(X+ n Y+) u (X- n Y-)I = I(X+ n Y-) u (X- n Y+)I. 
A circuit signature Y of a matroid M, together with a cocircuit signature y* of M, 
form a dual pair of oriented matroids [2], if for any X E Yand for any Y E y* we have 
(X+ n Y+) u (X- n Y-) =1= 0 iff (X+ n Y-) u (X- n Y+) =1= 0. 
A circuit signature Y of a matroid M, together with a cocircuit signature y* of M, 
form a dual pair of weakly oriented matroids [1,7], if for any X E Yand for any Y E y* 
with IX n YI = 2 we have (X+ n Y+) u (X- n Y-) =1= 0 iff (X+ n Y-) u (X- n Y+) =1= 0. 
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Let a be a sequence (an)n .. 2 of subsets of N such that, for any n;ao 2, an ~ 
{O, ... ,n}, and for any kE{O, ... ,n} if kEan then n-kEan. L(a) denotes the 
class of pairs ([f, [f*), consisting of a circuit signature and a cocircuit signature of a 
matroid, such that for all X E [f and all Y E [f* with IX n YI = n we have I(X+ n Y+) u 
(X- n Y-)I E an. 
As is easily seen, for a = (an)n .. 2, where an = {I, ... , n - I} for all n ;ao 2, L( a) is 
the class of dual pairs of orientations. For a' = (a~)n"2' wherea~ = {I} and 
a~ = {O, ... , n} for all n;ao 3, L( a') is the class of dual pairs of weak orientations. 
Finally, for d'=(0::)n .. 2, where 0::={n/2} for all n==0(2) and 0::=0 for all 
n == 1 (2), L( d') is the class of dual pairs of digraphoids. 
3. MATROIDS WITH COEFFICIENTS 
For the reader's convenience we recall briefly in this section the definition of a 
matroid with coefficients. We will use here, as domains of coefficients, semirings with 
additional properties. In [4] Dress has considered more general domains (fuzzy rings), 
in which distributivity does not necessarily hold. However, semirings are sufficient [14; 
1.2.3.12.2]. 
DEFINmoN 3.1. An .Q-semiring R = (R, +, ., £, .0) consists of a set R together with 
two compositions '+' and '.', a specified element E and a specified subset .0 of R with 
the following properties: 
(i) (R, +) and (R,.) are abelian semigroups, with neutral elements 0 and 1 
respectively; 
(ii) O.r = 0 for all r E R; 
(iii) £2 = 1; 
(iv) for all r, s, s' E R r.(s + s') = r.s + r.s'; 
(v) .0 is a proper 'ideal' of R, i.e . .0 + .0 ~ .0 and R • .0 ~ .0 and 1 It .0 hold; 
(vi) for any unit a of R, 1 + a E .0 iff a = E; 
(vii) for any r, r', s, s' E R, if r +s E.Q and r' +s' E.Q then r.r' + £.s.s' E.Q. 
The axiom 3.1(vi) is related to uniqueness properties, while 3.1(vii) is related to a 
compatibility between orthogonality, with respect to .0, and the elimination axiom 
which holds for matroids with coefficients [4]. 
EXAMPLES 3.2. (1) If R is a commutative ring (R, +,., -1, {O}) is an .Q-semiring. 
(2) A domain of coefficients for oriented matroids is R(J (K+ in [4]), given by the 
tables (.0 = {O, w}): 
+ 0 1 E W 0 1 £ W 
0 0 1 E W 0 0 0 0 0 
1 1 1 w w 1 0 1 £ W 
E £ W E W E 0 E 1 w 
w w w w w w 0 w w w 
(3) For the class of weakly oriented matroids, as will be seen, an admissible domain of 
coefficients is RW(J, given by the tables (.0 = {O, w}): 
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+ 0 1 E r w 0 1 E r w 
0 0 1 E r w 0 0 0 0 0 0 
1 1 r w w w 1 0 1 E r w 
E E W r w w E 0 E 1 r w 
r r w w w w r 0 r r w w 
w w w w w w w 0 w w w w 
We will give the definition of matroids with coefficients in terms of dual pairs. In [4] 
Dress has defined a matroid with coefficients, independently of its dual, by means of an 
elimination axiom. The following definition, which is more convenient for our purpose, 
arises from (5; Proposition 5.2]. 
DEFINITION 3.3. Let E be a finite set, (R, +, ., E, Q) an Q-semiring and V and V* 
two subsets of RE. We say that (V, V*) presents a dual pair of matroids with 
coefficients in R if we have: 
(i) for any v E V U V* and any e E E, if vee) * 0 then vee) is a unit of R; 
(ii) for any v E V (respectively V*) and any unit a of R we have a.v E V (respectively 
V*); 
(iii) for any v E V and any v* E V* we have ~eEEv(e). v*(e) E Q; 
(iv) there exists a matroid M on E such that {supp(v)/v E V} is the set of circuits of M, 
and {supp(v*)/v* E V*} is the set of its cocircuits (supp(v) denotes the support of v). 
REMARK 3.4. Tutte representations of a matroid, coordinatizable over a field, are 
obtained when R is a field, E = -1 and Q = {O}. 
4. SIGNED SEMIRINGS 
In this section we define semirings suitable for the coordinatization of circuit 
signatures of matroids. 
DEFINITION 4.1. We say that an Q-semiring R is a signed semiring when its group of 
units is {I, E} (where E * 1) and when R is generated by this group. 
Note that Ro and RW(J are examples of signed semirings. 
We say that a signed semiring (R, +, ., E, Q) is a signed ring when (R, +, .) is a 
ring. The following proposition gives a complete list of the signed rings. 
PROPOSITION 4.2. The signed rings are: 
(1:, +,., -1, {O} or m£:,m~3); 
(£:/3£:, +,., -1, {O}); 
(£:/41:, +,., -1, {O}); 
(1:/61:, +,., -1, {O} or {O,3}). 
PROOF. Let R be a signed semiring such that there exist two elements u, v E R\{O} 
satisfying U + v = O. By definition of a signed semiring there exists an integer n ~ 2 and 
(Ut, ••• , un) E {I, E}n such that Ut + ... + Un = O. Since E2 = 1 we may assume without 
loss of generality that Ul = 1, and since n ~ 2 we may set a = U2 + ... + Un' Hence we 
have 1 + a = 0, and in view of 3.1(ii, iv) this implies that (R, +, .) is a ring. By 3.1(vi) 
we have E = a. Let us denote by X the morphism from 1: into R defined by X(I) = 1. 
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Since R is generated by {1, e}, X is surjective, so that R is isomorphic to Z/nZ for 
some n EN. The Euler phi-function shows that for n E N* IU(Z/nZ)1 = 2 iff n E 
{3, 4, 6}, from which the conclusion follows. D 
This proposition, together with Section 5, shows the necessity of a more general 
structure than a ring in order to obtain coefficient domains for orientations and weak 
orientations. 
Let R denote a signed semiring, Q its associated ideal, E a finite set, M a matroid on 
E and Y a circuit signature of M. 
We denote by V(9') the subset of RE defined by V(9') = {v(X)/X E 9'}, where v(X) 
is defined by v(X)(e) = 0 if e It X, v (X) (e) = 1 if e E X+ and v(X)(e) = e if e E X-. 
Conversely, if V £ RE presents a matroid with coefficients in R, we define the circuit 
signature Y(V) of the underlying matroid, by 9'(V) = {X(v)/v E 9'} where: 
X(v)+ = {e E E/v(e) = 1} and X(v)- = {e E E/v(e) = e}. 
Let a(R, Q) denote the sequence (an)n .. 2 defined by the following: for any n ;;;. 2 and 
for any k E {O, ... , n}, k E an iff Ut + ... + Un E Q, where Uj = 1 for i.:::; k and Uj = e 
for i;;;. k + 1. In view of 3.1(vi) we have a2 = {1}. The reader should bear this in mind 
while reading the proof of Theorem 5.1. 
As an immediate consequence of these definitions we have the following proposition: 
PROPOSITION 4.3. There is a one-to-one correspondence between dual pairs of 
rnatroids with coefficients in R and dual pairs of circuit signatures in L(a(R, Q», the 
correspondence being defined by V ~ 9'(V) and 9'~ V(9'). 
ApPLICATIONS 4.4. It is straightforward to check that for (Ro, {O, w}) this proposition 
establishes a one-to-one correspondence between oriented matroids and matroids with 
coefficients in (Ro, {O, w}). In the same manner, (Rwo, {O, w}) is a coordinatization 
domain for weakly oriented matroids, and (Z, {O}) is a coordinatization domain for 
digraphoids. In addition, this proposition gives a one-to-one correspondence between 
ternary matroids and the class of circuit signatures L( GF(3), {O}). Consequently, we 
will call a member of this class a ternary signature. Let us mention that J. P. Roudneff 
and the author have studied the class of ternary signatures [12], giving for this class 
characterizations parallel to those which already exist for oriented matroids and weakly 
oriented matroids (signed elimination axiom, excluded signed minors, orthogonality 
properties, and Grassman-Plucker relations; [1, 2, 3, 7, 8, 9]). 
5. THE MAIN RESULT 
THEOREM 5.1. There are exactly four classes of circuit signatures which correspond 
(in the sense of 4.3) to rnatroids with coefficients in a signed semiring. These classes are 
weak orientations, orientations, digraphoids and ternary signatures. 
PROOF. The proof uses Lemmas 5.3, 5.4 and 5.5, and the following theorem which 
is stated in [5; Theorem 9] or [10; 6.1] and has to be viewed as a reformulation of 
Tutte's coordination theorem in the present language. D 
THEOREM 5.2. Let E be a finite set, K be a field and V and V* be two subsets of K E, 
(V, V*) presents a dual pair of rnatroids with coefficients in (K, {O}) iff 3.3(i), (ii) and 
(iv) are fulfilled, and for any v E V and any v* E V* with Isupp(v) n supp(v*)1 = 2,3 we 
have ~eEE v(e). v*(e) = O. 
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LEMMA 5.3. Let (R, +,., E, D) be a signed semiring and (an)n;;.2 = a(R, D). If 
1 + 1 + E E D then for any integer n;;' 2 {I, ... , n -I} ~ an' 
PROOF. By hypothesis, the result is true for n = 2, 3. Take n ;;. 3 and assume the 
result to be true at order n. Take k E {I, ... ,n}. If k E {I, ... , n -I} then by 
induction k E an and hence U1 + ... + Un E D, where Ui = 1 for i ~ k and Ui = E for 
i;;.k+l. Since 1+I+EED by hypothesis, 3.1(vii) implies u1.(1+1)+E.E,(u2+ 
... + un) E D, and hence V1 + ... + Vn+1 E D, where Vi = 1 for i ~ k + 1 and Vi = E for 
i;;. k + 2. Thus k + 1 E an+1> but multiplying by E we have (n + 1) - (k + 1) E an+1 for 
all k E {I, ... ,n -I}. Therefore {I, ... ,n} ~ an +1- D 
LEMMA 5.4. Let (R, +, ., E, D) be a signed semiring and (an)n;;.2 = a(R, D). If 
1 + 1 + E E D and 1 + 1 + 1 E D then for any integer n ;;. 3 {O, ... , n} ~ an' 
PROOF. According to Lemma 5.3 it remains to show that for any n;;' 30 and n E an. 
By hypothesis the result is true for n = 3. Assume the result to be true at order n ;;. 3. 
By induction, n E an, and hence U1 + ... + Un E D, where Ui = 1 for all i E {I, ... , n}. 
Since 1 + 1 + E E D by hypothesis, 3.1(vii) implies udl + 1) + E.E,(U2 + ... + un) E D. 
Hence V1 + . "Vn+1 E D, where Vi = 1 for all i E {I, ... , n + I}, and therefore 
n + 1 E an +1' Multiplying by E we have 0 E an+l' D 
LEMMA 5.5. Let (R, +,., E, D) be a signed semiring. If 1 + 1 + E f D and 1 + 1 + 
1 E D then L( a(R, D» is the class of dual pairs of ternary signatures. 
PROOF. It is easy to see that a(GF(3), {O})=(an)n;;'2, where an={kE 
{O, ... , n} In - 2k == 0 (3)}. Assume (R, +,., E, D) to be a signed semiring satisfying 
1 + 1 + E f D and 1 + 1 + 1 E D, and denote a(R, D) = (a~)n;;'2' Let us show that, for 
all n;;' 2, an ~ a~. By hypothesis, this is true for n = 2, 3. Take n;;' 4 and k E 
{O, ... , n} such that n - 2k == 0 (3). If n ;;. 2k, since 1 + E E D and E + E + E E D, we 
have Ul + ... + Un E D, where Ui = 1 for i ~ k and Ui = E for i ;;. k + 1; hence k E a~. If 
2k;;. n then n;;. 2(n - k) and n - 2(n - k) = 2k - n == 0 (3). Thus, according to the 
precedent case, n - k E a~. Since E. D = D, this implies k E a~, and hence an ~ a~ for 
all n;;.2. Therefore, L(a(GF(3), {O}»~L(a(R, D». Let us show, conversely, that 
L(a(R, D» ~ L(a(GF(3), {O}». Assume M to be a matroid on a finite set E, and g 
(resp. g*) to be a circuit signature (resp. a cocircuit signature) of M such that 
(g, g*) E L(a(R, D». Consider V(g) and V(g*), the two subsets of GF(3)E 
associated with g and g*, as in 4.3. Since 1 + 1 + E f D and 1 + 1 + E D, we have, for 
all VEV(g) and all V*EV(g*), with Isupp(v)nsupp(v*)1~3, ~eEEv(e).v*(e)=O 
(recall that since R is a signed semiring a~ = {I}), which by Theorem 5.2 implies that 
(V(g); V(g*» presents a dual pair of matroids with coefficients in (GF(3); {O}); and 
consequently (g;g*)EL(a(GF(3), {O}». Therefore we have L(a(R,D»~ 
L(a(GF(3), {O}», which achieves the proof. D 
PROOF OF THEOREM 5.1. At first, we recall that when (R, +,., E, D) is a signed 
semiring we have (a(R, D»z = {I}. Let (R, +,., E, D) be a signed semiring. Assume 
1 + 1 + E ED and 1 + 1 + 1 E D. By definition of weak orientations L(a(R, D» is 
contained in the class of dual pairs of weak orientations and, by Lemma 5.4, 
L(a(R, D» contains this class. If 1 + 1 + E E D and 1 + 1 + 1 f D, then, according to 
[2; Theorem 2.2], L( a(R, D» is contained in the class of dual pairs of orientations and, 
by Lemma 5.3, L(a(R, D» contains this class. If 1 + 1 + E f D and 1 + 1 + 1 E D, then 
by Lemma 5.5, L(a(R, D» is the class of dual pairs of ternary signatures. If 
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1 + 1 + E f. Q and 1 + 1 + 1 f. Q, then, according to [2; Theorem 2.2]; and [13; 3.1(v)], 
L( (J(R, Q)) is contained in the class of dual pairs of orientations of binary matroids, 
which is, by [2; 6.1], the class of dual pairs of digraphoids. But, since 1 + E E Q, we 
have, for all n E N*, Ul + ... + U2n E Q, where Ui = 1 for i ~ nand Ui = E for i ;;;. n + l. 
Hence, for all n E N*, n E (J2n and therefore L( (J(R, Q)) contains the class of dual pairs 
of digraphoids. Finally, by 4.4, each of these four classes is in one-to-one correspon-
dence with a class of matroids with coefficients in a signed semiring. D 
An easy consequence of Theorem 5.1 is the following corollary, which is to be 
compared with [10; Theorem 6.1] and [5; Theorem 9]. Let us note that Lemma 5.5 
relies heavily on Theorem 5.2. 
COROLLARY 5.6. When (R, +, ., E, Q) is a signed semiring 3.3(iii) can be replaced 
by: 
3.3(iii)' for all VEV and for all V*EV* with Isupp(v)nsupp(v*)1~3 we have 
~eEE vee). v*(e) E Q. 
REMARK 5.7. In connection with Theorem 5.1, the author has proved in a chapter 
of his thesis that, L( (J), where (J = ((In)n;.2, is the class of dual pairs of: 
(i) weak orientations iff (J2 = {1} and, for all n ;;;. 3, (In = {O, ... , n}; 
(ii) orientations iff (J2 = {1}, (J3 = {1, 2} and, for all n;;;. 4, {1, ... , n -1} £; (In; 
(iii) ternary signatures iff (J2 = {1}, (J3 = {O, 3} and, for all n;;;' 4, {k E {O, ... , n }/n-
2k == ° (3)} £; (In; 
(iv) digraphoids iff (J2 = {1}, (J3 = 0 and, for all n;;;' 2, n E (J2n. 
The 'if part of the proof uses the same arguments as those of the proof of Theorem 
5.1. The 'only if part is obtained by constructing special examples and counter-
examples. 
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